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Ââåäåíèå

Âñåëåííàÿ èçîòðîïíà íà áîëüøèõ ìàñøòàáàõ, ïîýòîìó
áîëüøèíñòâî êîñìîëîãè÷åñêèõ ìîäåëåé âêëþ÷àþò â ñåáÿ
ñêàëÿðíûå ïîëÿ.

Îäíîïîëåâûå ìîäåëè ñ íåìèíèìàëüíîé ñâÿçüþ ñêàëÿðíîãî
ïîëÿ ñ ãðàâèòàöèåé ìîãóò áûòü ïðåîáðàçîâàíû â ìîäåëü
ÎÒÎ ñ ìèíèìàëüíî ñâÿçàííûì ñêàëÿðíûì ïîëåì (ïåðåõîä
îò êàðòèíû Éîðäàíà ê êàðòèíå Ýéíøòåéíà).

Ìîäåëè ñ íåñêîëüêèìè ñêàëÿðíûìè ïîëÿìè è
íåìèíèìàëüíîé ñâÿçüþ ñ ãðàâèòàöèåé, â îáùåì ñëó÷àå,
ñâîäÿòñÿ ê ìîäåëè ÎÒÎ ñ ìèíèìàëüíî ñâÿçàííûìè ïîëÿìè
è íåñòàíäàðòíûì êèíåòè÷åñêèì ÷ëåíîì, èíûìè ñëîâàìè,
ïîëó÷àåòñÿ êèðàëüíàÿ êîñìîëîãè÷åñêàÿ ìîäåëü (ÊÊÌ).
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Öåëü ðàáîòû � ïîèñê èíòåãðèðóåìûõ êîñìîëîãè÷åñêèõ ìîäåëåé

ñ íåñêîëüêèìè ñêàëÿðíûìè ïîëÿìè è íåòðèâèàëüíûìè

ïîòåíöèàëàìè.

Ðåçóëüòàòû:

1) Ïîñòðîåíû ìîäåëè ñ N ñêàëÿðíûìè ïîëÿìè,
íåìèíèìàëüíî âçàèìîäåéñòâóþùèìè ñ ãðàâèòàöèåé, äëÿ
êîòîðûõ ñêàëÿð Ðè÷÷è R ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ â
ïðîèçâîëüíîé ìåòðèêå.
2) Â ïðîñòðàíñòâåííî ïëîñêîé ìåòðèêå
Ôðèäìàíà�Ëåìåòðà�Ðîáåðòñîíà�Óîêåðà (ÔËÐÓ)
ïîñòðîèëè èíòåãðèðóåìóþ ìîäåëü ñ N ñêàëÿðíûìè ïîëÿìè
è ïîëó÷èëè îáùèå ðåøåíèÿ óðàâíåíèé ýâîëþöèè â
ýëëèïòè÷åñêèõ ôóíêöèÿõ êîíôîðìíîãî âðåìåíè.
3) Ïîëó÷åíû èíòåãðèðóåìûå ìîäåëè ñ äâóìÿ ñêàëÿðíûìè
ïîëÿìè, èìåþùèå îáùèå ðåøåíèÿ â ìåòðèêå ÔËÐÓ ñ
ïðîèçâîëüíîé ïðîñòðàíñòâåííîé êðèâèçíîé, è íîâûå
èíòåãðèðóåìûå ÊÊÌ â êàðòèíå Ýéíøòåéíà.
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ÌÎÄÅËÜ

Ðàññìîòðèì ìîäåëü ìåòðè÷åñêîé ãðàâèòàöèè ñ äåéñòâèåì

S =

∫
d4x

√
−g

(
U
(
ϕA
)
R − 1

2
gµνδAB∂µϕ

A∂νϕ
B − V

(
ϕA
))

,

ãäå çàãëàâíûå ëàòèíñêèå èíäåêñû íóìåðóþò ïîëÿ,
A = 1, 2, . . .N, è îïóñêàþòñÿ è ïîäíèìàþòñÿ ñ ïîìîùüþ
ñèìâîëà Êðîíåêåðà δAB . Ôóíêöèè U(ϕA) è V (ϕA) �
äèôôåðåíöèðóåìûå, R � ñêàëÿð Ðè÷÷è.
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ÓÐÀÂÍÅÍÈß ÝÉÍØÒÅÉÍÀ

Óðàâíåíèÿ Ýéíøòåéíà:

U

(
Rµν −

1

2
gµνR

)
= ∇µ∇ν U − gµν□U +

1

2
Tµν ,

ãäå

Tµν = δAB∂µϕ
A∂νϕ

B − gµν

(
1

2
gαβδAB∂αϕ

A∂βϕ
B + V

)
.

Ïîëåâûå óðàâíåíèÿ:

□ϕA ≡ 1√
−g

∂µ

[√
−ggµν∂νϕ

A
]
= V,ϕA − RU,ϕA .
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ÓÐÀÂÍÅÍÈÅ ÑËÅÄÀ

Óðàâíåíèå ñëåäà (ñâåðòêà óðàâíåíèé Ýéíøòåéíà ñ
ìåòðè÷åñêèì òåíçîðîì):

3□U − UR =
1

2
gµνTµν = − 1

2
gµνδAB∂µϕ

A∂νϕ
B − 2V .

Èñïîëüçóÿ ïîëåâûå óðàâíåíèÿ, ïîëó÷àåì

□U = U,ϕA

[
V,ϕA − RU,ϕA

]
+ U,ϕAϕBgαβ∂αϕ

A∂βϕ
B ,

è (
3U2

,ϕA + U
)
R −

[
3U,ϕAϕB +

δAB
2

]
gαβ∂αϕ

A∂βϕ
B

= 3U,ϕAV,ϕA + 2V .
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ÌÎÄÅËÜ Ñ ÏÎÑÒÎßÍÍÛÌ R = R0

Ïóñòü

U = U0 −
δAB
12

(
ϕA − ϕA

0

)(
ϕB − ϕB

0

)
,

ãäå ϕA
0 = const è U0 = const.

Óðàâíåíèå ñëåäà ïðèìåò âèä

1

2

(
ϕA − ϕA

0

)
V,ϕA − 2V + U0R = 0.

Åñëè R = R0 = const, òî óðàâíåíèå ñëåäà ìîæíî
ðàññìàòðèâàòü êàê ëèíåéíîå Óð×Ï ñ ïîòåíöèàëîì êàê
íåèçâåñòíîé ôóíêöèåé. Îáùåå ðåøåíèå óðàâíåíèÿ:

V =
R0U0

2
+
(
ϕ1 − ϕ1

0

)4
f

(
ϕ2 − ϕ2

0

ϕ1 − ϕ1
0

,
ϕ3 − ϕ3

0

ϕ1 − ϕ1
0

, . . . ,
ϕN − ϕN

0

ϕ1 − ϕ1
0

)
,

ãäå f � ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ.



V.R. Ivanov, S.Yu. Vernov, arXiv:2407.05002; arXiv:2407.12732. 8 / 25

Ìîäåëü ñ èíòåãðàëîì äâèæåíèÿ R = R0

Åñëè

U = U0 −
δAB
12

(
ϕA − ϕA

0

)(
ϕB − ϕB

0

)
,

è

V =
R0U0

2
+
(
ϕ1 − ϕ1

0

)4
f

(
ϕ2 − ϕ2

0

ϕ1 − ϕ1
0

,
ϕ3 − ϕ3

0

ϕ1 − ϕ1
0

, . . . ,
ϕN − ϕN

0

ϕ1 − ϕ1
0

)
,

òî ñêàëÿð Ðè÷÷è R ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ
ðàññìàòðèâàåìîé ìîäåëè, R = R0.

Ìû ðàññìàòðèâàåì ñëó÷àé U0 > 0, ÷òîáû èìåòü âîçìîæíîñòü
ïîñòðîèòü ÊÊÌ áåç ôàíòîìíûõ ïîëåé.
Áåç ïîòåðè îáùíîñòè ìîæíî ïîëîæèòü âñå ϕA

0 = 0.



V.R. Ivanov, S.Yu. Vernov, arXiv:2407.05002; arXiv:2407.12732. 9 / 25

ÎÄÍÎÏÎËÅÂÀß ÌÎÄÅËÜ

Îäíîïîëåâàÿ ìîäåëü ñ èíòåãðàëîì äâèæåíèÿ R = R0 áûëà
íàéäåíà ñ ðàáîòå
B. Boisseau, H. Giacomini, D. Polarski, and A.A. Starobinsky,
JCAP 07 (2015) 002, arXiv:1504.07927.
Ñîîòâåòñòâóþùàÿ ìîäåëü â êàðòèíå Ýéíøòåéíà èìååò
ïîòåíöèàë

VBC = c1 cosh
4

(
φ√
6MPl

)
+ c2 sinh

4

(
φ√
6MPl

)
,

ãäå ci � êîíñòàíòû.
Ýòà ìîäåëü ðàññìàòðèâàëàñü â ðàáîòàõ
I. Bars and S.-H. Chen, Phys. Rev. D 83 (2011) 043522,
I. Bars, S.-H. Chen, P.J. Steinhardt and N. Turok, Phys. Rev. D 86

(2012) 083542,
A.Yu. Kamenshchik, E.O. Pozdeeva, A. Tronconi, G. Venturi, and
S.Yu. Vernov, Class. Quant. Grav. 33 (2016) 015004.
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ÄÂÓÕÏÎËÅÂÀß ÌÎÄÅËÜ

Äëÿ äâóõïîëåâîãî ñëó÷àÿ, ìû ðàññìàòðèâàåì ìåòðèêó
ÔËÐÓ ñ ïðîèçâîëüíîé êðèâèçíîé, îïðåäåëÿåìîé çíàêîì K :

ds2 = a2(τ)

(
−dτ2 +

dr2

1− Kr2
+ r2dθ2 + r2 sin2(θ)dφ2

)
.

è ïîëó÷àåì óðàâíåíèÿ (h = ȧ/a):

6U
[
h2 + K

]
+ 6hU̇ =

1

2

[(
ϕ̇1
)2

+
(
ϕ̇2
)2]

+ a2V ,

U
[
2ḣ + h2 + K

]
+ Ü + HU̇ =

1

2
a2V − 1

4

[(
ϕ̇1
)2

+
(
ϕ̇2
)2]

,

ϕ̈A + 2hϕ̇A − 6U,ϕAa2R + a2V,ϕA = 0,

R =
6

a2

(
ä

a
+ K

)
= R0.
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Óðàâíåíèå R = R0

Èíòåãðèðóÿ R = R0,

ä+ Ka =
R0

6
a3, (1)

ïîëó÷àåì

ȧ2 + Ka2 =
R0

12
a4 + C , (2)

ãäå C � êîíñòàíòà èíòåãðèðîâàíèÿ.
Åñëè R0 > 0, òî (2) èìååò îáùåå ðåøåíèå â òåðìèíàõ
ýëëèïòè÷åñêèõ ôóíêöèé ßêîáè.
Äëÿ R0 = 0, ïîëó÷àåì

a(τ) =


a1 sin(

√
Kτ) + a2 cos(

√
Kτ), K > 0;

a1τ + a0, K = 0;

a1 sinh(
√
−Kτ) + a2 cosh(

√
−Kτ), K < 0;

(3)

ãäå ai � ïðîèçâîëüíûå êîíñòàíòû.
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ÏÀÐÀÌÅÒÐ ÕÀÁÁËÀ H(t)

Äëÿ àíàëèçà ýâîëþöèè Âñåëåííîé ïåðåõîäèì ê êîñìè÷åñêîìó
âðåìåíè t: h = aH, U̇ = adU

dt . Ïîëó÷àåì óðàâíåíèå

6U0H
2 + 6U0

K

a2
=

1

2
U0R0 +

E

a4
. (4)

è ïàðàìåòð Õàááëà

H(t) =

±
√
3R0

(
2EU0R0 − 36K 2U2

0 + R0 e
±
√

R0
3 (t−t0)

)
6

[
36K 2U2

0 + 12KU0

√
R0 e

±
√

R0
3 (t−t0) + R0 e

±2
√

R0
3 (t−t0) − 2U0R0E

] .
Ïðè K = 0,

H(t) =

√
3R0

(
e

2
3

√
3R0 t + B

)
6
(
e

2
3

√
3R0 t − B

) ,

ãäå B � êîíñòàíòà.
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ÃÀÌÈËÜÒÎÍÈÀÍ

×òîáû íàéòè ðåøåíèÿ äëÿ ñêàëÿðíûõ ïîëåé, ìû ïîäñòàâëÿåì
ϕA = yA/a â óðàâíåíèÿ ïîëÿ è ïîëó÷àåì:

ÿA + KyA +
∂Ṽ

∂yA
= 0, (5)

ãäå

Ṽ
(
y1, y2

)
=
(
y1
)4

f

(
y2

y1

)
.

Ñèñòåìà (5) ÿâëÿåòñÿ ãàìèëüòîíîâîé ñ

H =
1

2

(
p1
)2

+
1

2

(
p2
)2

+
K

2

[(
y1
)2

+
(
y2
)2]

+ Ṽ , (6)

ãäå pi � ìîìåíòû è èìååò ïåðâûé èíòåãðàë

1

2

(
ẏ1
)2

+
1

2

(
ẏ2
)2

+
K

2

[(
y1
)2

+
(
y2
)2]

+ Ṽ = E , (7)

ãäå E � êîíñòàíòà èíòåãðèðîâàíèÿ.
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Äâóõïîëåâàÿ ìîäåëü. Äåéñòâèå â êàðòèíå Ýéíøòåéíà

Ñîâåðøèì êîíôîðìíîå ïðåîáðàçîâàíèå ìåòðèêè

g (E)
µν =

2U

M2
Pl

gµν .

Äåéñòâèå â êàðòèíå Ýéíøòåéíà:

SE =

∫
d4x

√
−g (E)

M2
Pl

2
RE − g (E)µν

2

2∑
A,B=1

KAB∂µϕ
A∂νϕ

B − VE

 .

Çäåñü

KAB =
M2

Pl

2U

(
δAB +

3

U
U,ϕAU,ϕB

)
,

VE =
M4

Pl

4U2
V .
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Äâóõïîëåâàÿ ìîäåëü. Äåéñòâèå â êàðòèíå Ýéíøòåéíà

Äëÿ âûáðàííîé ôóíêöèè U(ϕ1, ϕ2) ìàòðèöà KAB � íå
äèàãîíàëüíàÿ:

K11 =
M2

Pl

2U2

(
U +

1

12

(
ϕ1
)2)

,

K12 =K21 =
M2

Pl

24U2
ϕ1ϕ2,

K22 =
M2

Pl

2U2

(
U +

1

12

(
ϕ2
)2)

.



V.R. Ivanov, S.Yu. Vernov, arXiv:2407.05002; arXiv:2407.12732. 16 / 25

Äâóõïîëåâàÿ ìîäåëü. Äåéñòâèå â êàðòèíå Ýéíøòåéíà

ââåäåì íîâóþ �ìàññîâóþ� ìàòðèöó G ñîãëàñíî

KCD∂µϕ
C∂νϕ

D = KCD
∂ϕC

∂χA

∂ϕD

∂χB
∂µχ

A∂νχ
B = GAB∂µχ

A∂νχ
B .

Íîâûå ïîëÿ χ1 è χ2 îïðåäåëèì òàê:

ϕ1 =
√

12U0 tanh
χ2

√
6MPl

, ϕ2 =

√
12U0

cosh χ2
√
6MPl

tanh
χ1

√
6MPl

.

Òîãäà
G11 = 1,

G12 = G21 = 0,

G22 = cosh2
(

χ1

√
6MPl

)
.
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Äâóõïîëåâàÿ ìîäåëü. Äåéñòâèå â êàðòèíå Ýéíøòåéíà

Ïåðåïèøåì SE, U è V â òåðìèíàõ íîâûõ ïîëåé:

SE =

∫
d4x

√
−g (E)

(
M2

Pl

2
R(E) −

g (E)µν

2

[
∂µχ

1
∂νχ

1 + cosh2
(

χ1

√
6MPl

)
∂µχ

2
∂νχ

2

]
− VE

)
,

U(χ1
, χ

2) =
U0

cosh2
(

χ1
√

6MPl

)
cosh2

(
χ2

√
6MPl

) .

VE =

M4
Pl

(
cosh χ1

√
6MPl

cosh χ2
√

6MPl

)2

4U0

R0

2
+ 144U0

[
tanh

χ2

√
6MPl

]4
f

 tanh χ1
√

6MPl

sinh χ2
√

6MPl


 .
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Äâóõïîëåâàÿ ìîäåëü. Ïîòåíöèàë ϕ4

Âûáåðåì ïîòåíöèàë

V (ϕ1, ϕ2) =
R0U0

2
+ c1

(
ϕ1
)4

+ c2
(
ϕ2
)4

äëÿ ÊÊÌ èìååì

VE =
M4

Pl

4U2
0

[
1

2
R0U0 cosh4

(
χ1

√
6MPl

)
cosh4

(
χ2

√
6MPl

)

+(12U0)
2c1 cosh4

(
χ1

√
6MPl

)
sinh4

(
χ2

√
6MPl

)
+ (12U0)

2c2 sinh4
(

χ1

√
6MPl

)]
.

Ðåøåíèÿ äëÿ ýòîé ÊÊÌ ìîæíî íàéòè, èñïîëüçóÿ
ïîëó÷åííûå ðåøåíèÿ â êàðòèíå Éîðäàíà.
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Ïîòåíöèàë V = 1
2R0U0 + c

((
σ1
)2

+
(
σ2
)2)2

Äëÿ ïîòåíöèàëà

V2 =
1

2
R0U0 + c

((
σ1
)2

+
(
σ2
)2)2

, (8)

ãäå c � êîíñòàíòà óðàâíåíèÿ ïîëåé èìåþò âèä:

1

2

(
dy1

dτ

)2

+
1

2

(
dy2

dτ

)2

+
K

2

((
y1
)2

+
(
y2
)2)

+c
((

y1
)2

+
(
y2
)2)2

= E .

Ââîäÿ �ïîëÿðíûå êîîðäèíàòû�,

y1(τ) = ρ(τ) cos (θ(τ)) , y2(τ) = ρ(τ) sin (θ(τ)) ,

ïîëó÷àåì

1

2

(
dρ

dτ

)2

+
1

2
ρ2
(
dθ

dτ

)2

+
K

2
ρ2 + cρ4 = E .
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Èñïîëüçóÿ

ρ2
dθ

dτ
= L = const,

ïîëó÷àåì óðàâíåíèå äëÿ ρ:

1

2

(
dρ

dτ

)2

+
L2

2ρ2
+

K

2
ρ2 + cρ4 = E . (9)
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Òî÷íûå ðåøåíèÿ

Ðåøåíèÿ â êîíôîðìíîì âðåìåíè çàïèñûâàþòñÿ ÷åðåç
ýëëèïòè÷åñêèå ôóíêöèè ßêîáè.

F (φ |m) =

φ∫
0

dθ√
1−m sin2 θ

,

� íåïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà,
K (m) ≡ F (π/2 |m ) � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë
ïåðâîãî ðîäà, è ýëëèïòè÷åñêèå ôóíêöèè ßêîáè sn, cn è dn.
Ïî îïðåäåëåíèþ, åñëè u = F (φ |m), òî

am (u |m) = φ, dn (u |m) = d
duam (u |m) ,

sn (u |m) = sin (am (u |m)) , cn (u |m) = cos (am (u |m)) .
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Ïðè c > 0,

ρ(τ) =

√
ρ20 − (ρ20 − ρ21) sn

2

(√
v0 − v2
2β

τ + Cρ

∣∣∣∣ v0 − v1
v0 − v2

)
. (10)

ãäå Cρ � êîíñòàíòà èíòåãðèðîâàíèÿ,

ρ20,1 = α v0,1,

vk = cos

(
1

3
arccos

(
−

K3

216 + 1
12KEc + 1

4L
2c2(

1
3Ec + 1

12K
2
)3/2

)
− 2πk

3

)
− K

2cα
,

k = 0, 1, ,

α = 2

√
E

3c
+

K 2

12c2
, β =

1√
8cα

.
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Äëÿ θ ïîëó÷àåì:

θ(τ) =
2βL2

αv0
√
v0 − v2

Π

(
1− v1

v0
;

√
v0 − v2
2β

τ + Cρ

∣∣∣∣ v0 − v1
v0 − v2

)
+ Cθ.

ãäå

Π (n; u|m) ≡
u∫

0

dw

1− n sn2 (w |m)

åñòü íåïîëíûé ýëëèïòè÷åñêèé èíòåãðàë òðåòüåãî ðîäà, è Cθ �
êîíñòàíòà.
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Ïîòåíöèàë KKM

Äëÿ ïîòåíöèàëà V2, ïîëó÷àåì ïîòåíöèàë KKM:

VE =
M4

Pl

4U2
0

[
1

2
R0U0 cosh

4

(
χ1

√
6MPl

)
cosh4

(
χ2

√
6MPl

)
+144U2

0c

(
cosh2

(
χ1

√
6MPl

)
sinh2

(
χ2

√
6MPl

)
+sinh2

(
χ1

√
6MPl

))2
]
.

(11)
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Çàêëþ÷åíèå

Íàéäåí êëàññ N-ïîëåâûõ ìîäåëåé ñ íåìèíèìàëüíîé
ñâÿçüþ, äëÿ êîòîðûõ ñêàëÿð Ðè÷÷è R � èíòåãðàë
äâèæåíèÿ.

Ïîñòðîåíû íîâûå èíòåãðèðóåìûå ÊÊÌ ñ äâóìÿ ïîëÿìè è ñ
ïîòåíöèàëàìè â âèäå ïîëèíîìîâ îò ãèïåðáîëè÷åñêèõ
ôóíêöèé ïîëåé.

Íàéäåíû îáùèå ðåøåíèÿ óðàâíåíèé ýâîëþöèè â ìåòðèêå
ÔËÐÓ ñ ïðîèçâîëüíîé êðèâèçíîé. Ðåøåíèÿ ïîëó÷åíû â
òåðìèíàõ ýëëèïòè÷åñêèõ ôóíêöèé êîíôîðìíîãî âðåìåíè.

Ñïàñèáî çà âíèìàíèå!
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